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Abstract—Ball-screw-driven stages are often used as feed sys-
tems of machine tools. A problem of tracking control of the stages
is rolling friction, which degrades tracking accuracy around
the velocity reversal point and causes a large tracking error
called a quadrant glitch. Although the model-based feedforward
friction compensation effectively reduces the tracking error, the
compensation often results in an inverse response, which is
the tracking error in the direction opposite to the quadrant
glitch. This study aims to provide an analysis and a suppression
approach to the inverse response. First, the inverse response is
analyzed through the simulations. Next, a suppression approach
of the inverse response is proposed. In the proposed approach,
a step input is injected and cancel the inverse response. The
proposed approach is evaluated through the simulations and
experiments.

Index Terms—Ball-screw-driven stage, rolling friction, quad-
rant glitch, inverse response.

I. INTRODUCTION

Ball-screw-driven stages are often used as feed systems of
industrial machines such as machine tools due to their high
energy conversion efficiency, low wear, and long service life
[1]. From the viewpoint of production quality, high-precision
tracking control of the stages is desirable.

Despite the above requirement, the rolling friction leads to
poor tracking performance of the stages. The rolling friction
is generated by the balls in the ball-screw and linear guide,
shown in Fig. 1. Fig. 2 shows the characteristics of the rolling
friction. As shown in Fig. 2, this rolling friction depends
on the displacement from the velocity reversal point. In the
pre-rolling region, the rolling friction shows nonlinear elastic
characteristics, while it becomes almost constant and behaves
as Coulomb friction in the rolling region. Due to the rolling
friction, a spike-like large tracking error occurs around the
velocity reversal point. This tracking error is called a quadrant
glitch.

For high-precision tracking control of the stage, it is nec-
essary to compensate for the rolling friction and suppress
the quadrant glitch. For compensation of the rolling friction,
model-based and learning-based feedforward approaches are
effective compared with feedback approaches, e.g., disturbance
observer [2]. Many rolling friction models have been proposed
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Fig. 1. Schematic of a ball-screw-driven stage. Rotational motion of the motor
is converted to translational motion of the stage via the ball-screw.
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Fig. 2. Characteristics of rolling friction. Rolling friction has dependency on
the displacement from velocity reversal point.

and evaluated in the literatures, e.g., LuGre model [3], general-
ized Maxwell-slip model [4], rheology-based model [5], data-
based friction model [6], and elasto-plasticity-based model
[7]. In the model-based friction compensation approaches,
the rolling friction is precisely measured, and the models are
obtained by curve-fitting. Then, the rolling friction is canceled
with the control input calculated based on the obtained models.
By contrast, the learning-based approaches, e.g., iterative
learning control [8] and repetitive control [9], do not use
the rolling friction models. These approaches gradually shape
the compensation input and suppress the quadrant glitches by
repeating the same experiments.

The above approaches efficiently suppress the quadrant
glitches; however, the inverse response, which is the tracking
error in the direction opposite to the quadrant glitch, is caused
by the above compensation. In machining tools, the inverse
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(b) Frequency response data and fitted model.
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(c) Measured rolling friction and fitted model.

Fig. 3. Experimental setup. In this study, only the x axis is used. The models are used in the simulations and controller design.

response causes excessive cutting and rough surface of a work-
piece. This study aims to provide an analysis and a suppression
approach to the inverse response. A related study is presented
in [10], which deals with the inverse response caused by the
friction compensation using disturbance observer. This study
deals with the model-based feedforward friction compensation
approach.

The remainder of this paper is organized as follows. In
Section II, the experimental setup used in this study is intro-
duced. The inverse response is confirmed in the simulations,
and based on the results, an analysis of the inverse response is
presented in Section III. And then, in Section IV, a suppression
approach of the inverse response is proposed. This approach is
verified through the simulations and experiments in Section V.
Finally, the conclusions are described in Section VI.

II. EXPERIMENTAL SETUP

Fig. 3 shows the experimental xy ball-screw-driven stage.
In this study, only the x axis is used. The stage position
is measured by the linear encoder with the resolution of 1
nm/pulse.

Fig. 3(b) shows the frequency response data from the motor
current i [A] to the stage position x [m]. According to
Fig. 3(b), the model of the stage Pn(s) is obtained as follows:

Pn(s) =
RKT

Jns2 +Dns
, (1)

with rotation-to-translation ratio R = 1.91mm/rad, torque
constant KT = 0.715Nm/A, nominal value of total inertia
Jn = 0.015 kgm2, and nominal value of total viscosity
coefficient Dn = 0.1Nms/rad. In this study, the above rigid
model is employed for simplicity, while the stage is often
modeled as a two-inertia system, e.g., [11]. Note that the
current control of the motor is assumed to be sufficiently fast,
and the delay of the current control is ignored in this study.

The characteristics of the rolling friction of the experimental
setup are presented in Fig. 3(c). The rolling friction shows the
nonlinear elastic characteristics in the pre-rolling region which
is the range of 10 µm from the velocity reversal point, while
it becomes almost constant value Tc = 3.4Nm in the rolling
region.
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KT

T̂rf(r, ṙ)
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Fig. 4. Block diagram of the considered control system. Note that the rolling
friction is regarded as current [A] by using the torque constant KT.
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Fig. 5. Data-based friction model proposed in [6]. The relation between the
displacement from the velocity reversal point and the rolling friction (left
figure) is represented as the table (right figure).

III. ANALYSIS OF INVERSE RESPONSE IN SIMULATION

In this section, the inverse response is observed in the sim-
ulations, and an analysis of the inverse response is presented.

A. Simulation

1) Considered Control System: The control system shown
in Fig. 4 is considered. The objective of this control system
is to decrease the tracking error e = r − x with the position
reference r and output x.

For the objective, the feedforward controller CFF is de-
signed as an inverse system of the model Pn, and the feedback
controller CFB is a proportional-integral-derivative (PID) con-
troller to avoid steady-state error.
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(f) Enlarged view of Fig. 6(e).

Fig. 6. Simulation results of the inverse response analysis. It is confirmed that the model-based feedforward friction compensation causes the inverse response
after the quadrant glitch ((c) ), while the inverse response does not occur when the model-based feedforward friction compensation is not applied ((c)

). Note that the unit of the rolling friction is converted from [Nm] to [A] by using the torque constant KT.

Besides, the rolling friction Trf is compensated for by
using the rolling friction model T̂rf . The friction compensation
input is calculated based on the friction model and position
reference, while the rolling friction depends on the actual
position and velocity.

2) Condition: The simulations are carried out with MAT-
LAB/Simulink. The sampling period of the control input Ts
is set to 1ms, and the calculation period of the simulations is
set to Ts/100.

The feedforward controller CFF is a multirate feedforward
controller [12], which is a stable inverse system of the nominal
model Pn with a zeroth-order hold (ZOH). This feedforward
controller achieves perfect tracking control if there are no
modeling error nor disturbance. The feedback controller CFB

is designed for the closed-loop model to have the quadruple
poles at −ωc = −2π×25 rad/s by the pole placement method,
and discretized by Tustin transformation.

To compensate for the rolling friction by feedforward con-
trol, a data-based friction model T̂rf [6], as shown in Fig. 3(c),
is used. In this model, the relation between the displacement
from the velocity reversal point and the rolling friction is
represented as a table (Fig. 5). In the model used in this
study, the rolling friction is modeled by 0.1 µm when the
displacement is from 0 µm to 10 µm. When the compensation
input of the rolling friction is designed, the table is loaded by
using the position reference.

The position reference r is a sinusoidal wave with the
amplitude of 5mm and the frequency of 1Hz, r =
5(1− cos(2πt)) [mm], as shown in Fig. 6(a).

In the simulations of this section, no modeling errors exist,

i.e., the simulation plant of the stage is the same as its model
Pn, and the applied rolling friction is the same as its model.

3) Result: The simulations compare the case without the
friction compensation (black solid lines in Fig. 6) and the case
with it (magenta dash-dotted lines in Fig. 6). Fig. 6 shows the
results of the simulations.

As shown in Fig. 6(b), the tracking error is suppressed due
to the friction compensation; however, the inverse response
occurs after the quadrant glitch, see Fig. 6(c). Fig. 6(d) shows
the applied rolling friction and its compensation input around
the velocity reversal timing. Fig. 6(e) and Fig. 6(f) show the
equivalent input disturbance, which is defined as the difference
between the applied rolling friction and its compensation input.
The equivalent input disturbance is small on the sampling
points; however, it is relatively large between the sampling
points because the control input is discretized by ZOH.

B. Analysis

To analyze the inverse response, this subsection focuses
on the equivalent input disturbance shown in Fig. 6(e) and
Fig. 6(f). According to these figures, the characteristics of
the equivalent input disturbance are changed by the friction
compensation. The rolling friction behaves as an input step
disturbance; therefore, the equivalent input disturbance is also
an input step disturbance when the rolling friction is not
compensated for. On the other hand, the friction compensa-
tion causes a spike-like input disturbance due to ZOH. This
disturbance causes the inverse response as shown in Fig. 6(c).

Generally, the following relation holds [13]:
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Fig. 7. Concept of the proposed approach. A step input with the size of gs is
injected at τ = τs and cancels the inverse response caused by the conventional
friction compensation.

Relation between Feedback Controller Structure and In-
put Disturbance Response: Now we consider a closed-loop
system with a linear time-invariant plant and a linear time-
invariant feedback controller. Besides, we assume that the
feedback controller has i integrators. Then, when an impulse
input disturbance is applied, the error ei = r − x satisfies∫ ∞

0

ei(τ)dτ = 0 (i ≥ 1). (2)

Furthermore, when a step input disturbance is applied, the
error es = r − x satisfies

lim
τ→∞

es(τ) = 0 (i ≥ 1)∫ ∞
0

es(τ)dτ = 0 (i ≥ 2)
. (3)

The feedback controller of the considered control system
has an integrator to avoid steady-state error; therefore, the
spike-like input disturbance caused by the friction compen-
sation results in the inverse response (2) even if there are
no modeling errors. By contrast, the inverse response does
not necessarily occur when the friction compensation is not
conducted, see (3).

In summary, the inverse response is caused by the integrator
of the feedback controller and the friction compensation input
discretized by ZOH.

IV. SUPPRESSION OF INVERSE RESPONSE

In this section, a suppression approach of the inverse
response is presented. The concept of the proposed approach
is shown in Fig. 7. Besides, the procedure of the proposed
approach is shown in Fig. 8. The aim of the proposed approach
is the suppression of the inverse response without increasing
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Fig. 8. Procedure of the proposed approach. After the simulation or experi-
ment with the conventional friction compensation, the step input used in the
proposed approach is tuned.

the quadrant glitch. The key idea is to add a step input to the
friction compensation input and cancel the inverse response.

Notation. τ denotes the time and τ = 0 is the velocity rever-
sal timing of the stage. Let ec(τ) be the tracking error caused
by the conventional friction compensation, eus(τ) the tracking
error caused by the unit step input, and ep(τ) the predicted
tracking error caused by the proposed friction compensation.
Let τq and eq denote the timing and size of the quadrant glitch
caused by the conventional friction compensation, τi the zero-
cross timing of the ec(τ), τs the timing when the step input
is added, and gs the size of the injected step input. The above
data are depicted in Fig. 7.

A. Problem Formulation and Objective

In the proposed approach, the principle of superposition is
assumed to hold. In other words, the following equation holds:

ep(τ) = ec(τ) + gseus(τ − τs). (4)

The objective is to find the two parameters, τs and gs, so that
the following relation satisfies:

−eq ≤ ep(τ) ≤ 0, ∀τ. (5)



B. Calculation of Tracking Error Caused by Step Input

In the considered control system as shown in Fig. 4, the
feedback controller CFB is the following PID controller:

CFB(s) = kp + ki
1

s
+ kd

s

1 + Tfs

=:
b2s

2 + b1s+ b0
s2 + a1s

, (6)

with kp the proportional gain, ki the integral gain, kd the
derivative gain, and Tf the time constant of the pseudo
derivative. In this study, the PID controller is designed so
that the closed-loop model have the quadruple poles at −ωc;
therefore, the tracking error eus(τ − τs), which is caused by
the unit step input injected at τ = τs, is expressed as follows:

eus(τ − τs) = −L−1
{
SnPn

1

s
e−sτs

}
, (7)

SnPn =
Pn

1 + CFBPn

=
RKT

Jn

s2 + a1s

(s+ ωc)
4 , (8)

with Sn the model of sensitivity function.
From (7) and (8), eus(τ − τs) is calculated as follows:

eus(τ − τs) =



0 (τ < τs)

−RKT

Jn
e−ωc(τ−τs)

×
{
1

2
(τ − τs)2 +

a1 − ωc

6
(τ − τs)3

}
(τ ≥ τs)

.

(9)

C. Tuning of Timing and Size of Step Input

To satisfy the relation (5), the parameters, gs and τs, are
determined as shown in Fig. 8.

First, the timing of the step input τs is fixed and then, the
size of the step input τs, which suppresses the inverse response,
is calculated as follows:

gs = max
τ≥τi

{
ec(τ)

−eus(τ − τs)

}
. (10)

Next, it is confirmed whether the proposed approach causes
larger quadrant glitch than the conventional friction compen-
sation as follows:

min
τ
{ep(τ)} ≥ −eq. (11)

In this step, the tracking error ep, which is caused by the
proposed approach, is predicted as (4). If the proposed ap-
proach is expected to increase the quadrant glitch, the timing
τs is incremented by the sampling period and the size gs is
recalculated as (10).

In the above procedure, the following condition is imposed
on the timing τs to satisfy the objective (5):

τq ≤ τs ≤ τi. (12)

If no solutions are found by the proposed approach, the
objective (5) is relaxed, i.e., a small inverse response or a
larger quadrant glitch is allowed.

V. EVALUATION OF PROPOSED APPROACH

The proposed approach is evaluated through the simulations
and experiments. The simulations and experiments compares
the case without the friction compensation (black solid lines
in Fig. 9 and Fig. 10), the case with the conventional friction
compensation described in Section III (magenta dash-dotted
lines in Fig. 9 and Fig. 10), and the case with the proposed
friction compensation described in this section (blue dotted
lines in Fig. 9 and Fig. 10). The position reference used in the
simulations and experiments is shown in Fig. 6(a).

A. Simulation

The simulations are carried out under the same conditions
described in Section III. Fig. 9 shows the simulation results.

First, the tracking error ec, which is caused by the con-
ventional friction compensation, is measured. From ec and
the procedure shown as Fig. 8, the step input with the size
of 0.1379A is injected at 0.509 s in the proposed approach
(Fig. 9(c)).

Fig. 9(a) and Fig. 9(b) show the tracking error of each case.
As shown in these figures, the proposed approach suppresses
the inverse response without increasing the quadrant glitch.

B. Experiment

The experiments with the setup shown in Fig. 3(a) are also
carried out. The results are shown in Fig. 10.

From the tracking error caused by the conventional friction
compensation, the step input with the size of 1.73A is
injected at 0.505 s (Fig. 10(c)). Owing to the step input, the
proposed approach decreases the inverse response (Fig. 10(a)
and Fig. 10(b)). Note that the tracking error ec later than 0.54 s
is ignored in the step input design procedure of the proposed
approach to find the solution (τs, gs). This leads to the small
inverse response in the proposed approach.

VI. CONCLUSION

This study focuses on the inverse response caused by the
conventional friction compensation. First, the inverse response
caused by the model-based feedforward friction compensation
is analyzed. From the analysis, it is concluded that the in-
verse response is caused by the integrator and control input
discretized by ZOH. These causes are inevitable in the motion
control application. Then, the suppression approach of the
inverse response is proposed. In the proposed approach, the
step input is injected to cancel the inverse response. The
proposed approach is evaluated through the simulations and
experiments.
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Fig. 9. Simulation results of the inverse response suppression. The position reference is shown in Fig. 6(a). The conventional friction compensation causes
the inverse response ((b) ). In contrast, the proposed approach cancels the inverse response without increasing the quadrant glitch ((b) ).
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Fig. 10. Experimental results of the inverse response suppression. The position reference is shown in Fig. 6(a). The proposed approach efficiently decreases the
inverse response without increasing the quadrant glitch ((b) ) compared with the conventional friction compensation ((b) ). Note that the feedforward
controller CFF is tuned to decrease the tracking error.
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